Introduction
In 1948, the transistor was invented and was built on a germanium crystal. Two years later, the first silicon single crystal was grown. That marked the beginning of today's technological revolution in information and communication, which relies greatly on semiconductor mining, refinement, crystallization and processing into microelectronic chips [1] . Since that time, developments in both processing technology and materials have made continual progress. More recently, the continuous increase of energy demands and the need to reduce the effects of its consumption on climate change have been driving the research and development of semiconductor and metal-based technologies for energy harvesting and storage. In this context, the interest in silicon and silicon-germanium alloys remains high, as developments are intensified in new areas: silicon for photovoltaic solar cells, SiGe for thermoelectric generation and silicon anodes for Li-ion batteries. Most of the materials (including metals and semiconductors) used daily are produced from the liquid state as their parent phase. The improvement of materials properties is largely correlated with progress in the physical understanding of the solidification process.
Solidification of metals and semiconductors differs in the atomic attachment processes on a microscopic scale and the morphology of the solid-liquid interface on a mesoscopic scale. Bonding of metallic atoms is by their more or less free electrons and, therefore, is of isotropic nature. Atomic bonding in semiconductors is characterized by covalent interaction that is of anisotropic nature. During crystal growth, this results in different interfacial growth kinetics and crystal morphologies between metals and semiconductors. In the case of metals, growth occurs by random atomic attachment on a microscopic scale and continuous dendrite growth to a rough solid interface on a mesoscopic scale. In the case of semiconductor growth close to thermodynamic equilibrium (low driving force), the growth interface advances on a microscopic scale by nucleation of two-dimensional (2D) nuclei on facets and lateral spreading of steps, resulting in a smooth interface on a mesoscopic scale [2] . According to Jackson [3] the configurational entropy characterizes whether the growth morphology is dendritic or faceted. Systems with low entropy (e.g. metals) grow in a dendritic mode, while high-entropy materials (e.g. complex molecules) require significant ordering and exhibit faceted morphologies. In systems with intermediate entropy (such as silicon and germanium), transitions from faceted to continuous growth can take place if the driving force for crystal growth and/or the atomic attachment kinetics is increased. Cahn [4] predicted such a kinetic roughening transition and referred to two mechanisms which may explain it. At low driving force, the crystal-melt surface advances by the lateral motion of steps by one interplanar distance in height, while at higher driving force, the nucleation rate increases faster than the steps can spread, resulting in a roughened crystal-melt surface advancing normal to itself without spreading of steps. Kinetic roughening was indeed observed in Ga by experimental investigations [5, 6] . More recently, it was found that forced convection causes a transition from dendritic to faceted growth in an undercooled melt of Ni 2 B intermetallic phase with a dimensionless entropy of fusion of S f /R = 2.2 [7] . This transition has been explained by edge-like growth like in hopper crystals. Experimental investigations on undercooled melts of pure Ge and Ge-Sn alloys demonstrate that large undercoolings are achieved by electromagnetic levitation. This powerful tool allows one to measure the crystal growth velocity as a function of undercooling and to observe the growth morphologies to investigate the effect of atomic attachment kinetics at the solid-liquid interface on morphological transitions. This allowed for the observation of the kinetic roughening that leads from faceted to dendritic growth in pure silicon [8] . In the present work we use a dendrite growth model to discuss the effect of the undercooling on the interfacial kinetics and the morphological transitions on pure Si, pure Ge and differently concentrated Ge-Si alloys. The experimental results are analysed within a sharp interface theory that allows for discussing the different dendrite growth velocities of these semiconductors [9] .
Experimental
Three alloys of concentrations Ge 25 Si 75 , Ge 50 Si 50 and Ge 75 Si 25 were prepared from silicon and germanium of 6N purity (Alfa Aesar). The alloys were premelted in an arc furnace. The chamber was evacuated to a pressure of 10 −7 mbar before backfilling with Ar gas of 6N purity. The samples were integrated in the ultra-high-vacuum chamber of an electromagnetic levitator. The electrical conductivity of the samples at room temperature is not sufficient for inductive coupling to the alternating electromagnetic field of the levitation coil. Therefore, they were placed on a graphite susceptor covered with Al 2 O 3 , to preheat the sample to temperatures around 1000 K. At such temperatures the electrical conductivity increased sufficiently by the onset of the intrinsic conduction of the semiconducting material to be levitated and further melted. The liquid samples were heated to temperatures of about 250 K above their melting temperature before cooling and undercooling. Owing to the avoidance of heterogeneous nucleation on container walls, the liquid samples could be undercooled up to several hundred degrees below their equilibrium melting temperatures prior to solidification. To study the growth kinetics in the low-undercooling range, solidification was initiated by a trigger needle. The temperature was measured contactless by two different one-colour pyrometers of different measuring scale. An Impac ISQ 10-LO with temperature range of 1023-2073 K was used to measure the temperature of pure silicon and Si-Ge alloys. An Impac IGAR 12-LO with a measuring range of 523-1573 K was applied to measure the temperature of germanium samples. Semiconducting germanium and silicon samples change their electronic states upon melting. That leads to a jump in the surface emissivity when the solid melts or the liquid crystallizes. Therefore, each pyrometer was calibrated by the signal output at the melting/crystallizing temperature in the temperature-time profiles using corresponding values of the respective liquidus temperatures from high-temperature differential thermal analysis (DTA) measurements. The advancement of the solid-liquid interface was recorded by a high-speed camera Photron Fastcam SA5 with an AF Micro-Nikkor 200mm f/4D IF-ED tele-objective. Pictures with a frame rate of 50 000 fps during crystallization of undercooled silicon and with a frame rate of 30 000 fps of undercooled germanium were recorded. Solidified samples were investigated with respect to their microstructures by conventional scanning electron microscopy (SEM) with energy-dispersive X-ray spectroscopy (EDX) and electron-backscattered diffraction (EBSD). More details about experimental details are given in [9, 10] .
Crystal growth in undercooled melts of semiconductors
Growth of crystals in undercooled melts requires the attachment of atoms from the liquid to the solid. Wilson [11] and Frenkel [12] developed a theory for the continuous growth of a crystal in pure systems. The velocity V of the solid-liquid interface is determined by
The transition rate of atoms from the liquid to the solid is given by R L and the transition rate from the solid to the liquid is given by R S . The undercooled liquid is a metastable state compared to the solid state. The difference of the free energy between liquid and solid is given by G LS = G L − G S , which is negative for temperatures T < T L with T L the liquidus temperature; G LS acts as the driving force for crystallization in the undercooled melt. On the other hand, Wilson [11] and Frenkel [12] assumed that the movement of atoms from the liquid to the solid requires the surpassing of a thermal activation barrier G a that is often interpreted as the activation energy for atomic diffusion in the liquid. The transition rates depend on the thermal activation across the energetic barrier, G a , the success of atomic impingement on the correct lattice side, λ, and the atomic vibration frequency, f. Hence, the velocity of the advancing solid-liquid interface is calculated as
where δ denotes interatomic spacing, and T i is the interface temperature. The atomic vibration frequency f is considered to be of the order of f ≈ 10 13 Hz, comparable to the Debye frequency in the solid; V o is a factor representing the maximum speed of the interface at infinite driving force G LS . Linearization of equation (3.2) leads to the expression that defines the kinetic growth coefficient μ: 
In the case of pure metals, growth is collision-limited, i.e. V o = V S , with V S the speed of sound, of the order of V S ≈ 1000 m s −1 [13] . In fact, this assumption is validated by measurement of the dendrite growth velocity as a function of undercooling of pure nickel [14] . By contrast, in the case of semiconductors, growth is diffusion-limited, i.e. V o = V D , with V D the atomic diffusive speed [15] . The atomic diffusive speed is of the order of V D ≈ 10 m s −1 [16] . This finding is supported by molecular dynamics (MD) simulations both for silicon and for Si-Ge alloys [17, 18] .
Jackson [19] added an entropic term to equation (3.2) also assuming diffusion-controlled attachment of atoms from the liquid to the solid:
Here S f is the entropy of fusion. The probability that an atom from the liquid is integrated in the crystalline lattice of the solid is determined by the configuration at the interface. The position of individual atoms in the liquid is more or less random, while the position of the atoms in the crystal lattice is well defined. That means that the change of atoms from the liquid to the solid is associated with an entropic change. In the case of metals, S f /k B is around unity, i.e. the exponential term exp(− S f /k B ) ≈ 1/3. The entropy of fusion of semiconductors is much higher than that of metals; in the case of Si,
. This is about one order smaller compared with metals.
In the case of semiconductors, growth is faceted. Attachment of atoms is only possible at specific lattice places. Jackson [20] computed the number of atoms at the interface by taking into account the nearest neighbours only and the change of entropy. The so-called Jackson factor α determines whether growth is faceted or dendritic, and is given as
where β is the number of atomic bonds and Z is the number of nearest neighbours. If α < 2 the interface is rough, as for most metals; if α > 2 the interface is smooth, as for semiconductors and some intermetallic compounds. In the case of silicon, S f /k B ≈ 3.6 with β/Z = 3/4, the {111} planes are smooth on a microscopic scale because a 111 = 2.7. At small undercoolings the crystal grows faceted on a mesoscopic scale. At larger undercoolings, a transition takes place from faceted to dendritic growth. This transition is called kinetic roughening. Dendrite growth is described by the sharp interface theory developed by Galenko, Sobolev and Danilov [21, 22] . Accordingly, the total undercooling measured in the experiment is expressed as the sum of various contributions:
with T T the thermal undercooling, T R the curvature undercooling, T N the undercooling due to the shift of the equilibrium slope of liquidus, m, to its non-equilibrium value m V , T K the kinetic undercooling and T C the constitutional undercooling, respectively. The thermal undercooling T T = T i − T ∞ , with T i the temperature at the tip of the dendrite and T ∞ the temperature of the undercooled melt far from the interface. The thermal undercooling is inferred from the solution of the heat transport equation and is expressed by function. Owing to the strong curvature of the dendrite tip, a reduction of the melting temperature due to the Gibbs-Thomson effect has to be taken into account by the curvature undercooling
where Γ is the Gibbs-Thomson coefficient and K the curvature at the dendrite tip. Undercooling T N is expressed by
where m V is the slope of the liquidus line of the equilibrium phase diagram and m V is the slope of the liquidus line in the kinetic phase diagram at nominal composition C o . The constitutional undercooling in alloys with solidification interval is given by
Here Pe C = (VR)/2D is the Péclet number of mass diffusion, with D the diffusion coefficient and Iv(Pe C ) = exp(Pe C )E 1 is the Ivantsov function for mass diffusion and k V the velocity-dependent partition coefficient. Under the conditions of rapid solidification, for the range of growth velocity V < V D (where V D is the atomic diffusive speed in bulk liquid), the liquidus slope is described by [23] 
with m E the slope of the liquidus line and k E the partition coefficient of the equilibrium phase diagram. The solute partitioning as a function of growth velocity is described by the nonequilibrium partition coefficient k(V), which becomes dependent on the growth velocity for the case of rapid solidification [24] 
with V Di the interface diffusion velocity. The diffusion coefficient in the interface is smaller compared with the bulk diffusion coefficient [25] . Equation (2.7) describes the relation of undercooling in terms of the Péclet numbers, i.e. as a function of the product VR. For unique determination of the growth velocity V and tip radius R as a function of undercooling T, one needs a second equation for the tip radius R, which comes from stability analysis:
Here ξ T and ξ C are the stability functions depending on thermal and chemical Péclet number. They are given by
and are defined by the stiffness ε = 15ε C for a crystal with cubic symmetry and with anisotropy ε C of the interface energy. The parameters σ o , a 1 and a 2 are obtained from an asymptotic analysis as described in [26] . [27] . They assumed that discoidal plates are formed that grew through the undercooled liquid. This assumption is supported by an experiment in which these authors triggered the undercooled Si melt with the {111} surface plane of a silicon wafer. The discoidal plates were growing from the trigger point in the 110 direction with the {111} plane at the interface. This finding is further supported by investigations of the microstructure of a sample that has been quenched onto a cold substrate [28] . Faceted dendrites were identified which grew in the 110 direction with {111} twin boundaries. This hints at a correlation between the twin boundaries and the growth of faceted dendrites. These studies confirm that the crystal growth is controlled by two-dimensional nucleation at the twin boundaries. The growth is, therefore, two-dimensional with {111} planes at the interface.
From the evaluation of the high-speed video pictures, we infer the transition temperatures from faceted to dendritic growth at a lower undercooling T* and from dendritic to a planar interface at a higher undercooling T**. The corresponding values for all investigated samples are collected in table 1.
The undercooling T* at which a transition from faceted to dendritic growth occurs is different for germanium and silicon. The crystal structure is the same for both semiconducting materials. The melting temperature of Ge is lower than the melting temperature of Si. With respect to the hypercooling, the lower melting temperature is compensated by the larger entropy of fusion of germanium compared with silicon. The hypercooling is given by T hyp = H f /C p , resulting in T hyp (Si) = 1847 K, and T hyp (Ge) = 1338 K, respectively. If these values are related to the respective melting temperature T L , the ratios are about the same: T hyp (Si)/T L (Si) = 1.095 and
The atomically smooth interfaces advance normal to themselves by nucleation of 2D islands and lateral spreading of steps due to preferential atomic attachment at the step. The growth velocity is limited by the 2D nucleation rate J 2D and/or the velocity of spreading of the steps V step in the direction parallel to the facet. At very small undercooling, the interface advances in a discontinuous way. A critical driving force is needed to nucleate a step, because of the step free energy cost involved in the formation of the 2D nucleus. Obreten et al. [29] proposed a relation between J 2D , V step , step height h and the normal growth velocity V 111 (in the case of Si):
The nucleation rate J 2D is given by
Here G * 2D is the energy barrier for 2D nucleation, which depends on the step free energy γ step and the step height h, γ step /h ≈ 0.1 J m −2 [30] . The value of J 2D depends on the self-diffusion at the SL interface. It is temperature-dependent, but its temperature dependence is weak compared to the exponential factor in equation (4.2) [32] . The nucleation-limiting nature of step generation was confirmed by Monte Carlo simulation of {111} silicon growth, resulting in [30, 33] 
Here, T 111 is the undercooling of the {111} surface. The prefactor is close to Tiller's value and the factor 140 in the exponential is close to 170 as evaluated by equation (4.1). The step velocity V step in equation (4.1) can be derived in an 2D analogy of the Wilson-Frenkel law derived for normal growth on a rough interface [31, 34] . In this case a linear relation is expected for the step kinetics. Monte Carlo simulations of silicon growth confirmed such a linear relation, with T step = 0.3 T 111 [30] , in good agreement with the linear growth coefficient of 0.5 m s −1 K −1 deduced experimentally by Buta et al. [34] and by Chernov [35] .
All of these considerations are made for the case of near-equilibrium solidification at small undercoolings. If the undercooling is increased to the intermediate or large undercooling range, a structural change at the interface happens. This transition is known as kinetic roughening of a smooth interface and is associated with a change of growth mode from faceted to dendritic [28] . They found on the quenched sample twin-free dendrites. EBSD investigations indicate that the side branches of the dendrites also grow in the 111 direction as the dendrite stem does. At large undercoolings, the pictures show a solid-liquid boundary without any contours. In particular, the dendritic morphologies disappeared. Nagashio & Kuribayashi [28] explained this finding by the fragmentation of dendrites during recalescence. In fact, microstructures of samples solidified at large undercoolings exhibit an equiaxed grain refined microstructure. Fragmentation of dendrites by a Rayleigh type instability has been found in metallic systems [36] . Karma worked out a model of dendrite fragmentation by a Rayleigh type instability that explains microstructural double transitions from equiaxed grain refined to coarse-grained dendritic at a smaller critical undercooling and from coarse-grained dendritic to equiaxed grain refined microstructure at a higher critical undercooling in alloys [37] .
MD simulations of Buta et al. confirmed that the steps are indeed rough and diffuse and that the step kinetics is isotropic with linear kinetics [34] . It was shown that the steps have a twoatomic-layer structure. The velocity normal to the {111} direction is much lower than the range of step velocity found by the same computer experiments. Physically, this can be explained by some significant ordering of the liquid setting on the terrace in front of the step, due to short-range order interactions at the interface as illustrated in figure 2 . In comparison, the same figure shows that ordering in the direction normal to the {111} plane occurs over only very few correlation lengths.
It is assumed that classical nucleation theory can be applied and that neither adjacent clusters nor steps interact. There is a critical undercooling at which the critical 2D nucleus radius size is of the same order of magnitude as the terrace length. In fact, evaluating L step = V step /V 111 with equation (4.3) and the critical nucleus radius as
Upon increasing the undercooling, several nuclei may initiate on the same terrace and their steps interact more and more during lateral growth. If not rough at equilibrium, the steps themselves become increasingly jagged with higher kink concentration and larger growth site density. Upon further increasing the undercooling, the step free energy eventually becomes zero; thus steps can be formed at zero energy cost and the interface becomes rough. Within Cahn's theory this occurs at a critical driving force G * * = π G * [4] . This critical driving force corresponds to a critical kinetic roughening of dynamical nature. [38] and Ge [39] , respectively. The solid lines give the calculations within growth theory according to §2.
At present there is no analytical model for describing the relation between driving force and growth velocity at driving forces between G* and G**. This arises from difficulties in describing the coupling between the step free energy, the nucleation rate and the step velocity in a multilayer growth model [19] .
(b) Crystal growth velocity in deeply undercooled melts of semiconductors
The crystal growth velocity is measured by a high-speed video camera. The pictures show the intersection of the sample surface with the solidification front. In order to infer the velocity with which the crystal propagates isotropically through the volume, we assume that the solidification front can be approximated by a sphere. The crystallization is triggered by touching the surface of the undercooled melt at a preselected undercooling with a needle made from a Si wafer. With this procedure the nucleation point is well known and the velocity is determined by simple geometrical considerations from the sequence of pictures taken by the camera at a picture frame rate of 10 000 fps. Figure 3 shows the crystal growth velocity V as a function of undercooling both for pure silicon and for pure germanium. In the case of pure substances, the constitutional undercooling T C = 0 K.
For the analysis of the experimental data, we use the values of the parameters as given in table 2. For the detailed discussion of the growth velocity-undercooling relations, we systematically vary the activation energy for self-diffusion G a and the stability parameter σ .
G a is important for the kinetics of atomic attachment and the stability parameter depends essentially on the anisotropy of the solid-liquid interface. The change of G a from 0.6 eV via 0.8 eV and 1.08 eV to 1.2 eV leads to deviations from the curve as shown in figure 3 ( G a = 1.08 eV) only at large undercoolings which are outside of the experimental data. However, the change of G a shows an essential influence on the characteristics of the velocity-undercooling relation, in particular the undercooling at which a maximum becomes obvious. This maximum determines the undercooling at which the influence of the thermodynamic driving force on growth dynamics is compensated by the kinetic factor of atomic mobility of atomic attachment. Using G a = 1.8 eV for both Si and Ge, the undercoolings at which the maximum in V( T) appears are T max ≈ 400 K for Si and T max ≈ 380 K for Ge, respectively [9] . For the undercooling range around T max , experimental investigations of the temperature-dependent self-diffusion coefficient will be most interesting. So far, a maximum in the V( T) relation of measurements of the growth velocity has been found in pure Ag melts [40] and in metallic glass-forming alloys such as Cu 50 Zr 50 [41] and Ni 50 Zr 50 [42] . The results of these calculations varying the stability parameter are exhibited in figures 4 and 5, for the two semiconductors, respectively. It is obvious that the variation of the stability parameter causes significant changes in the growth velocity-undercooling range of the undercooling experiments. In the case of germanium, it also shows a shift of the temperature at which the maximum in V(T) appears, while in the case of silicon, the curves calculated with different values of σ * approach each other at T max . A direct consequence of these observations is that measurements of the growth velocity as a function of undercooling are a useful tool to determine the magnitude of the stability parameter σ *, which is otherwise very difficult to infer from experimental investigations.
For pure elements, the stability parameter σ * is defined within stability analysis of a growing dendrite as The values of σ * differ for Si and Ge. At the same velocity and H f (Si) = 1.36 H f (Ge) it holds that σ * (Si) σ * (Ge) = R 2 (Ge) 1.36 R 2 (Si) .
Since σ * (Si) ≈ 6σ * (Ge) it follows that the dendrite tip radius of germanium is almost three times larger than the dendrite tip radius of silicon. This explains why the dendrite growth velocity of Ge is systematically smaller than the dendrite growth velocity of Si, cf. figure 3. It can be understood by the fact that a fat dendrite propagates more slowly than a thin dendrite [43] . According to solvability theory, the stability parameter σ * is correlated to the anisotropy ε of the solid-liquid interfacial energy as σ * (ε) ∝ ε 7/4 in the case of fourfold symmetry. In the case of sixfold symmetry, σ * (ε) ∝ ε 7/6 [44] . It follows that ε(Ge)/ε(Si) ≈ 1/3. This may also explain that the transition from faceted to dendrite growth is observed at a smaller undercooling for Si compared with Ge. A larger anisotropy may lead to the observation that a planar interface of germanium is still stable at higher undercoolings. In the case of silicon, the transition from faceted to dendrite growth is, therefore, observed at smaller undercoolings.
Summary and conclusion
We have studied the crystal growth behaviour of pure silicon and germanium and Si-Ge alloys of various concentrations far away from equilibrium. Sphere-like samples of about 10 mm in diameter were processed by electromagnetic levitation in a containerless technique. Owing to complete avoidance of heterogeneous nucleation on crucible walls, the drops undercooled essentially below the equilibrium melting temperature prior to solidification. The crystal growth velocity was measured as a function of undercooling by a high-speed camera technique. Microstructural transitions were observed from faceted to dendritic growth at a lower critical undercooling and from dendritic to planar growth at a higher critical undercooling for all samples investigated. The critical undercoolings were determined. The growth velocity versus undercooling relation was analysed within current dendrite growth models. Using thermophysical parameters as measured independently, the measured dendrite growth velocity versus undercooling characteristics were reproduced using the stability parameter as a free parameter. It was found that the stability parameters of Si and Ge vary and control the microstructural transitions. The presented results may serve as a quantitative data basis for modelling crystal growth under non-equilibrium conditions.
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